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= Mission: Help our clients optimize their performance by integrating Al into
their core business processes

b‘
= Track Record: 43 years in business
st Over 1800 projects successfully implemented into full production across
multiple industries
Earned long-term strategic relationships with top transportation clients

= Experience and Retention: Senior Staff (top 28 consultants) average 15+ years at
Princeton; Firm Leadership averages 20+ years; Client Retention > 90% annually
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The Solution Development Life Cycle

INFORMS

Certified

Analytics
Professional

Job Task
Analysis

{~)

See https://info.informs.org/ita for more info on the JTA
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DATA FIRST MODEL
DEVELOPMENT

A 7-step approach that
improves the likelihood of
success in optimization
projects. This approach:

* Creates useful
documentation

e Shortens the overall
development time

* Improves code
maintainability

* Provides a natural feedback
loop to business
requirements

7/23/2024

. Understand the Data

. Define and Document Datasets

. Collect Data from the Client

. Document Data Transformations

. Create Model Documentation

. Code Optimization Model

. Validate Results and lterate




A Simple Example
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Gurobipy Example: netflow.py

> From the Gurobi Supplied Examples
> A simple multicommodity network flow problem

> Two products ('Pencils' and 'Pens’)
— Produced in 2 cities ('Detroit' and 'Denver’)

— Must be sent to warehouses in 3 cities (‘Boston’, 'New York', and 'Seattle’)

» Satisfy supply/demand

> Flows on the transportation network must respect arc capacity
constraints

> The objective is to minimize the sum of the arc transportation
costs

7/23/2024 COPYRIGHT © PRINCETON CONSULTANTS AND GUROBI 2024 (V1.0) 7



Gurobi Example: A Poor Data Representation!

commodities = ["Pencils", "Pens"]

nodes = ["Detroit

arcs, capacity =
{
"Detroit
"Detroit
"Detroit
"Denver"
"Denver"
"Denver"

"Pencils"”
"Pencils"”
"Pencils"”
"Pencils"”
"Pencils"”
"Pencils"”,
"Pens", "Det
"Pens", "Det
"Pens", "Det
"Pens", "Den
"Pens", "Den
"Pens", "Den

(
(
(
(
(
(
(
(
(
(
(
(
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", "Denver", "Boston", "New York", "Seattle"] inflow = {

"Pencils", "Detroit"): 560,
"Pencils", "Denver"): 60,
"Pencils", "Boston"): -50,
"Pencils", "New York"): -50,
"Pencils", "Seattle"): -10,
"Pens", "Detroit"): 60,
"Pens", "Denver"): 40,
"Pens", "Boston"): -40,
"Pens", "New York"): -30,
"Pens", "Seattle"): -30,

gp.multidict(

", "Boston"): 100,
", "New York"): 80,
", "Seattle"): 120,
, "Boston"): 120,

, "New York"): 120,
, "Seattle"): 120,

NN NN AN NN

"Detroit", "Boston"): 10, ’ .

"Detroit”, "New York"): 20, What's Poor About This?

"Detroit”, "Seattle"): 60, Data inside code

e e, .- Dependent on Gurobi [[{IiRRehRe:

Denver", "New York"): 40,

"Denver”, "Seattle"): 30, Commodities and Nodes repeated

roit", "Boston"): 20

roit". "New York"): 20, » These can be inferred!
roit", "Seattle"): 8o, Mixing Supply and Demand Data
ver", "Boston"): 60

ver”. "New York"): 70, itthere were transshipment nodes,
ver”, "Seattle"): 30, could have many zero values
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:
A Better Data Representation: Tables

I B C
A B C A B C D '
I—l . 1 | Product | Node supply A B c
1 From To capaci 1 | Product From To cost L
L P t'?"l | . .I . | 5 | pendils | Detroit =0 1 | Product .l Node | demand
2 | Detroit | Boston 100 2 | Pencils | Detroit | Boston 10 3 | pendil b c0 2 | Pencils | Boston 50
. . . encils enver
3 | Detroit [New York 80 3 | Pencils | Detroit |New York 20 - 3 | pencils |New York 50
. . . 4 Pens Detroit 60
4 | Detroit | Seattle 120 4 | Pencils | Detroit | Seattle 60 < = 5 20 4 | Pencils | Seattle 10
- ens enver
5 | Denver | Boston 120 5 Penc!h Denver | Boston 40 6 5 Pens Boston A0
6 | Denver |[New York 120 6 | Pencils | Denver |New York 40 6 Pens |New York 30
7 | Denver | Seattle 120 7 | Pencils | Denver | Seattle 30 < > == supply 7 Pens Seattle 30
2 a Pens Detroit | Boston 20 g
> M 9 Pens Detroit |New York 20 -
10| Pens | Detroit | Seattle 80 < demand
11 Pens Denver | Boston 60
12 Pens Denver |New York 70
13 Pens Denver | Seattle 30
14
4 b [T cost (LT + E 41

import pandas as pd
raw_data = pd.read_excel("mcfdata.vl.xlsx", sheet name=
data = {

k: df.set _index(df.columns[:-1].to list())[df.columns[-1]]
for k, df in raw_data.items()
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Pandas Representation: A Dictionary of Series

capacity
demand

capacity demand
From To Product  From To Product MNode R Node
Detroit Boston 100 Pencils  Detroit Boston 0 Pencils  Detroit Pencils Boston
New York a0 MNew York 2 T S New York
Seattle 120 Seattle [ Detroit

Denver Boston 120 Denver Boston ' Denver Boston

Mew York 20 T / ,
New York 120 MNew York Mew York

Seattle 120 Seatte
Detroit Boston

New York

Seattle

Denver Boston

New York

Seattle
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Document the Data Model

B@®] Sets

Notation Meaning Table Locations

N Set of network nodes cost: Columns From, To
capacity: Columns From, To
supply: Column Node
demand: Column Node
P Set of products (commodities) cost: Column Product
supply: Column Product
demand: Column Product

A Set of arcs (ng,ny), ng,ne € A cost: Columns From, To
P, Set of products p € P that can be carried on arca € A | cost: Columns Product, From, To
Ay Set of arcs a € A that can carry product p € P cost: Columns Product, From, To

Numerical Input Values

The input data is converted to pandas Series, so the name of each Series is also the name of the value.

Notation Meaning Table Name/Value Column  Index Columns
Kq Capacity of arc a € A capacity From, To
Tap Cost of carrying product p onarca € A,p € P,, |cost Product, From, To
Opn Supply of product p € P at node n € V. Defaults | supply Node
to 0
5,n | Demand of product p € P at node n € V. demand Node
Defaults to O
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Computing Sets from Data

X ®

> In a Data First approach, sets are inferred from data
— The set P of products can appear in any of the tables: supply, demand and cost.

— The set Vof nodes can appear in any of the tables: capacity, supply, demand and cost

commodities = set(
pd.concat(
[
data[dfname].index.to frame()["Product"]
for dfname in ["supply", "demand", "cost"]

]
) .unique()
)

nodes = set(
pd.concat(
[
data[dfname].index.to frame()[fromto].rename("Node")
for dfname in ["capacity", "cost"]
for fromto in ["From", "To"]

]
+ [data[dfname].index.to frame()["Node"] for dfname in ["supply", "demand"]]

) .unique()
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Computing the Net Flow Per Node

> The net flow p,,;, for each product p € P and node n € )V is the sum of the supply less
the demand. For transshipment nodes, this value is 0. This is called inflow in the
code.

inflow = pd.concat(
[
data["supply"”].rename("net"),
data["demand"].rename("net") * -1,
pd.Series(
0,
index=pd.MultiIndex.from_product(

[commodities, nodes], names=["Product"”, "Node"]

)s

name="net",

)5

]
) .groupby ([ "Product", "Node"]).sum()

> Note that the above allows supply and demand to co-exist at any node, and
for any node to act as transshipment nodes

> This is not true in the original Gurobi example.
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Time to Model

> Decision Variables

— The model will have one set of decision variables: X, forp € P, a € A, represents the amount shipped of product p on arc a. We
will call this variable f1low in the code.

— The cost of shipment is 7.

— This defines the objective function:

minimize z 2 Tap Xpa

a€A peEP,

> Constraints

— Flow on each arc is capacitated

Z Xpa < Kq Va € A
PEPq

— Conservation of Flow

- For each node and each product, the flow out of the node, less the flow into the node is equal to the net flow.

Z Xp(n,nt) - 2 Xp(nf,n) = HUpn Vp € PnenN

(nny)€Ay (ngn)
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Using gurobipy-pandas: Decision Variables
6. Code Optimization Model [

import gurobipy as grb

import gurobipy pandas as gppd
m = grb.Model("netflow")
flow = gppd.add_vars(m, data["cost"], obj=data["cost"], name="flow")

Decision Variables Share Series has the values for
Index with pandas Series the objective

Product From To
Pencils Detroit Boston <gurobi.Var flow[Pencils,Detroit,Boston]>
New York <gurobi.Var flow[Pencils,Detroit,New_York]>
Seattle <gurobi.Var flow[Pencils,Detroit,Seattle]>
Denver  Boston <gurobi.Var flow[Pencils,Denver,Boston]>
New York <gurobi.Var flow[Pencils,Denver,New_York]>
Seattle <gurobi.Var flow[Pencils,Denver,Seattle]>
Detroit Boston <gurobi.Var flow[Pens,Detroit,Boston]>
New York <gurobi.Var flow[Pens,Detroit,New_York]>
Seattle <gurobi.Var flow[Pens,Detroit,Seattle]>
Denver  Boston <gurobi.Var flow[Pens,Denver,Boston]>
New York <gurobi.Var flow[Pens,Denver,New_York]>
Seattle <gurobi.Var flow[Pens,Denver,Seattle]>
Name: flow, dtype: object
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Using gurobipy-pandas: Capacity Constraints
6. Code Optimization Model [

pd.concat(
Lflow.groupby(["From", "To"]).agg(grb.quicksum), data["capacity"]], axis=1
) .gppd.add _constrs(m, "flow <= capacity", name="cap")

flow capacity cap

From To
Denver Boston  flow[Penals Denver, Boston] + flow[Pens, Denver... <gurobi.Constr cap[Denver, Boston]>
Mew York flow[Pencils, Derver New_York] + flow[Pens, Denv... <gurobi.Constr cap[Denver, New_York]>
Seattle flow|[Penals Denver Seattle] + flow{Pens Denve... <gurobi.Constr cap[Denver, Seattle] >
Detroit Boston flow[Pencils, Detroit Boston] + flow[Pens, Detro... <gurobi.Constr cap[Detroit Boston] >
Mew York flow[Penals, Detroit, New_York] + flow[Pens,Det... <gurobi.Constr cap[Detroit, New_York]>

Seattle flow[Pencils, Detroit, Seattle] + flow[Pens, Detr... <gurobi.Constr cap[Detroit Seattle]>
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Using gurobipy-pandas: Flow Constraints
6. Code Optimization Model [

z Xpmny ~ Z Xpgm) = bpn ~ VPEPMEN

(nne)€Ap (ngmn)

pd.concat(
[
flow.rename_axis(index={"From": "Node"})
.groupby ([ "Product”, "Node"])
.agg(grb.quicksum)
.rename("flowout"),

flow.rename_axis(index={"To": "Node"})
.groupby ([ "Product", "Node"])
.agg(grb.quicksum)

.rename("flowin"),

inflow, Hpn

I,
axis=1,
).fillna(@).gppd.add constrs(m, "flowout - flowin == net", name="node")
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Flow Constraint in pandas
—l

Product Mode
Pencils Denver flow[Penails, Denver Boston] + flow[Penails, Den... < gurobi.Constr node[Pencils, Denver] >
Detroit flow[Pencils, Detroit Boston] + flow[Pencils,De... <gurobi.Constr node[Pencils, Detroit] =
Denver flow[Pens,Denver Boston] + flow[Pens, Denver Me... 4 <gurobi.Constr node[Pens, Denver] >

Detroit flow[Pens, Detroit, Boston] + flow[Pens, Detroit. ... <gurobi.Constr node[Pens,Detroit] >

Pencils Boston flow[Pencils, Detroit Boston] + flow[Pencils, De... - <gurobi.Constr node[Pencils,Boston] =

Mew York flow[Pencils, Detroit Mew_York] + flow[Pencils.... - < gurobi.Constr node[Pencils, New_York] >
Seattle flow[Pencils, Detroit Seattle] + flow{Penails .. - =gurobi.Constr node[Pencils, Seattle] =
Boston flow[Pens, Detroit Boston] + flow[Pens Denver B.. - <gurobi.Constr node[Pens,Boston] >

Mew York flow[Pens, Detroit, Mew_York] + flow[Pens Denver... - <gurobi.Constr node[Pens, New_York] >

Seattle flow[Pens, Detroit, Seattle] + flow[Pens Denver,.. - < gurobi.Constr node[Pens, Seattle] >

> Note the 0 values are created via pBBEREIZ] because there is
no flow into supply nodes and flow out of demand nodes, so the
s[seelgle=kd Operation would create NA values, which cannot be
passed to Gurobi
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Optimize and Get Results

m.optimize()

soln = flow.gppd.X
soln.to _frame().query("flow > 0").sort _index()

> Note the use of the [gs]sls| accessor to get the attribute I{ of the decision
variables use

— All Gurobi attributes can be accessed in this way!

Product From To
Pencils Denver New York
Seattle

Detroit Boston

5 Denver Boston

Seattle
Detroit Boston

MNew York
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Energy Systems Modeling: Unit Commitment Problem

> Dispatch generators to meet expected demand
> Keep a target level of available capacity online
> Minimize overall generation cost

> Many more complex constraints in real life!

gurobipy-pandas.readthedocs.io

‘ GUROBI Unit Commitment
OPTIMIZATION
This examples covers Unit Commitment, a classical operations rese
Q. search operation of electrical networks. In this problem, multiple power ger
characteristics are dispatched to meet expected electricity demand
I T startup cost associated with transitioning from off to on, and power
netallation range while the unit ishon. The modgl is specified over disc‘rete tim‘e
to turn on, and when, in order to satisfy demand for each time perio
Basic Usage reserve requirement, where the selected power plants must be caps
Examples o while still respecting their maximum output, in order to cope with th

. ) exceeds predicted demand.
Project-Team Allocation

This model is based on example 15 from the fifth edition of Model B
Programming, by H. Paul Williams on pages 270-271 and 325-326, .
Gurobi notebook here which uses Python data structures to build th

L1 Norm Regression
Unit Commitment

Workforce Scheduling
[1]: import pandas as pd
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OPTIMIZATION

Pandas Representation: DataFrames & SURCE!

generator_data

num_available min_output max_output cost_per_hour marginal_cost startup_cost stateO

generator_class
thermal1 12 850.0 2000.0 1000.0 2.0 2000.0
thermal2 10 1250.0 1750.0 2600.0 1.3 1000.0
thermal3 1500.0 4000.0 3000.0 3.0 500.0

> Generators have:

time_period_data

— Fixed costs and marginal costs

expected_demand minimum_active_capacity

time_period

— Startup costs

2024-07-19 06:00:00 15000.0 17250.0
. . . . 2024-07-19 07:00:00 30000.0 34500.0
— Lower and upper generation limits when online 70940719 08:00:00 150000 267500

2024-07-19 09:00:00 40000.0 46000.0

5 Ea C h tl me pe r| Od h as: 2024-07-19 10:00:00 27000.0 31050.0

— Demand to be met

— A minimum online capacity

> Model captures state of each class in each time period
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Decision Variables: gurobipy-pandas & GUROB!

generators = (

pd.DataFrame(index=pd.MultiIndex.from product(] Combined time-

generator_data.index, expanded index
time_period_data.index, (with generator

1)) data)

.join(generator_data)

.gppd.add_vars(model, name="output")

.gppd.add_vars(
model,
vtype=GRB.INTEGER, Each accessor call
ub="num_available", creates one
name="num_active", variable per row

)
.gppd.add_vars(model, vtype=GRB.INTEGER, name="num_ startup”)
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# GUROBI
u

OPTIMIZATION

Time-Expanded Format

Time-expanded
pandas Multilndex

generator_class

output num_active num_startup cost_per_hour startup_cost min_output max_output

time_period

2024-07-19 06:00:00
2024-07-19 07:00:00
2024-07-19 08:00:00
2024-07-19 09:00:00
2024-07-19 10:00:00

2024-07-19 06:00:00

output[thermal1,0600]
output[thermal1,0700]
output[thermal1,0800]
output[thermal1,0900]
output[thermal1,1000]
output[thermal2, 0600]

num_active[thermal1,0600]
nurm_active[thermal1,0700]
num_active[thermal1,0800]
num_active[thermal1,0900]
num_active[thermal1,1000]

num_active [thermal2, 0600]

num_startup[thermall,0600]
num_startup[thermal1,0700]
num_startup[thermal1,0800]
num_startup[thermal1,0200]
num_startup[thermal1,1000]

num_startup[thermal 2,0600]

2000.0
2000.0
2000.0
2000.0
2000.0
1000.0

850.0
850.0
850.0
850.0
850.0

1250.0

2000.0
2000.0
2000.0
2000.0
2000.0

1760.0

2024-07-19 07:00:00 output[thermal2,0700] num_active[thermal2,0700] num_startup[thermal2 0700] 2600.0 1000.0 1250.0 1750.0
2024-07-192 08:00:00 output[thermal2,0800] num_active[thermal2,0800] num_startup[thermalZ 0800] 2600.0 1000.0 1250.0 1750.0

"y iy o e N - o - - - L TN e T JE0

Generator data is
expanded (makes model
building easier)

Decision variables share
this common index
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OPTIMIZATION

Constraints: Generator Limits iR) GUROBI

Time-expanded
dataframe

generators.gppd.add_constrs(
model,
"output >= min_output * num_active",
name="lower_ limit",

) .gppd.add _constrs(
model,
"output <= max_output * num_active", N eera i defes
elliee UpREr LI, a relationship between

columns

One constraint
per time-
expanded row

output num_active min_output max_output lower_limit

generator_class time_period
thermall 2024-07-19 06:00:00 J output[thermal1,0600] num_active[thermall,0600] 850.0 2000.0 § =gurobi.Constr lower_limit[thermal1,0600]>

2024-07-19 07:00:00  output[thermall,0700] num_active[thermall,0700] 850.0 20000 <gurobi.Constr lower_limit[thermall,0700]>
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Constraints: Satisfying Demand

demand _constraint

model,
generators.groupby("time period")["output"”].sum(),
GRB.EQUAL,
time period _data["expected demand"],

generator_class

thermall

thermal2

7/23/2024

time_period
2024-07-19 06:00:00
2024-07-19 07:00:00
2024-07-19 08:00:00
2024-07-19 09:00:00
2024-07-19 10:00:00
2024-07-19 06:00:00
2024-07-19 07:00:00

2024-07-19 08:00:00

GUROBI

OPTIMIZATION

&

gppd.add_constrs(

output

output[thermall,0800]
output{thermal1,0700]
output[thermal1,0800]
output[thermal1,0900]
output[thermal1,1000]
output[thermal2,0600]

output[thermal2,0700]

output[thermal2,0800]

These two
expressions have
compatible indexes

‘

groupby + sum creates
a constraint across
generators for one
time period
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Constraints: Reserve Capacity iR) GUROBI

OPTIMIZATION

active capacity = (
(generators["max_output"] * generators["num active"])
.groupby("time_period").sum()

)

active capacity constraint = gppd.add constrs( Keep this for
model,

: _ results step
active capacity,
GRB.GREATER_EQUAL,

time_period_data["minimum_active_ capacity"],

time_period

2024-07-19 06:00:00 2000.0 num_active[thermal1,0600] + 1750.0 num_... EXp ression
2024-07-19 07:00:00 2000.0 num_active[thermall,0700] + 1750.0 num_... measu ri ng total
2024-07-19 08:00:00 2000.0 num_active[thermall,0800] + 1750.0 num_... . : :

“ active capaaty N a
2024-07-19 02:00:00 2000.0 num_active[thermal1,0900] + 1750.0 num_... . t . d
2024-07-1910:00:00  2000.0 num_active[thermal1,1000] + 1750.0 num_... glven Ime perlo
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count_startups(group):

return gppd.add constrs(

model,

group["num_startup"].iloc[1:],
GRB.GREATER_EQUAL,

group["num_active"].diff().dropna(),

name="startup"”,

).to _frame()

diff() captures the
change from one time
period to the next

startup = generators.groupby("generator class").apply(count_startups)

generator_class time_period
thermall 2024-07-19 06:00:00
2024-07-19 07:00:00
2024-07-19 08:00:00
2024-07-19 09:00:00
2024-07-19 10:00:00

thermal2 2024-07-19 06:00:00
2024-07-19 07:00:00
2024-07-19 08:00:00
2024-07-19 09:00:00
2024-07-19 10:00:00

()24

num_active

num_active[thermal1,0600]
num_active[thermal1,0700]
num_active[thermal1,0800]
num_active[thermal1,0900]
num_active[thermal1,1000]
num_active[thermal2,0600]
num_activelthermal2,0700]
num_active[thermal2,0800]
num_active[thermal2,0900]
num_active[thermal2,1000]

num_startup

num_startup[thermal1,0600]
num_startup(thermal1.07001
num_startup[thermal1,0800]
num_startup[thermal1,0900]
num_startup[thermall,1000]
num_startup[thermal2,0600]
num_startup[thermal2,0700]
num_startunltharmal? 08001
num_startup[thermal2,0900]
num_startup[thermal2,1000]

groupby creates a
set of constraints
per generator class



model.setObjective(
(

generators["cost _per _hour"] * generators["num active"]

+ generators["marginal cost"] * (
generators["output"] -
generators["num _active"] * generators["min output"]

+ generators["startup cost"] * generators["num_startup"]

).sum(),
sense=GRB.MINIMIZt

) Aggregate
objective
output num_active num_startup cost_per_hour
generator_class time_period
thermall 2024-07-19 06:00:00 B output[thermall,0600] num_active[thermal1,0600] num_startup[thermal1,0600] 1000.0
2024-07-19 07:00:00  output[thermal1,0700] num_active[thermal1,0700] num_startup[thermal1,0700] 1000.0
. D D, O DD . . A A

startup_cost

2000.0
2000.0

Creates a cost
expression per
period and class

min_output max_output
850.0 2000.0
850.0 2000.0

024 0 3
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OPTIMIZATION

Optimize and Extract Results

model.optimize() Value of
expressions in
results = pd.DataFrame({ the solution
"Demand"”: time_period data["expected demand"],
"Min. Active Capacity": time period data["minimum active clapacity"],
"Active Capacity": active capacity.gppd.get value(),
"Excess": (-active_capacity constraint.gppd.Slack),

})

results.plot.line()

—— Demand

Min. Active Capacity Slack in constraints

—— Active Capacity

— Bxcess (Gurobi attribute query)

| _\/\/
06:00 07:00 08:00 09:00 10:00
time_period
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CONCLUSION . Understand the Data

e Data First Model ,
Development Focuses . Define and Document Datasets

on the Data :
* A proven practice for delivering high - COI.I.eCt Data fI’Om the C“ent

quality optimization applications

* gurobipy-pandas . Document Data Transformations

* Takes advantage of pandas for

managing data

» Allow Gurobi objects to be placed into . Create MOdel Documentatlon

pandas DataFrames and Series

* Provides capability to write code that

executes quickly when creating . Code Opt|m|zat|0n MOdel

models

* Requires good knowledge of pandas
to understand how to map

mathematical formulations into . Valldate ReSUltS and |terate
gurobipy-pandas
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Thanks!

> More info:
o https://gurobipy-pandas.readthedocs.io/en/stable/

o https://www.princetonoptimization.com/blog/blog/rapid-optimization-
model-development-python-and-pandas-7-steps
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https://gurobipy-pandas.readthedocs.io/en/stable/
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